We calculate the rate of the decay of a metastable vacuum state in SU (N ) gauge theory on R 3 × S 1 space with a double trace deformation suggested byÜnsal and Yaffe.
It is well known for some time [1] that an SU(N) gauge theory generally acquires a nontrivial nonperturbative structure of true and false vacuum states. The false vacuum states are metastable and in the limit of large N are very long lived. In particular it was shown [2] that in a four dimensional pure Yang-Mills theory the rate of decay of the metastable vacua is proportional to exp(−CN 4 ) with C being an N independent coefficient. More recentlÿ Unsal and Yaffe [3] have suggested to consider Yang-Mills theory formulated on the R 3 × S 1 space with a deformation manifestly preserving the Z N center symmetry. Such theory at a sufficiently small compactification size L yields itself to an analytic treatment, while preserving essential features of an unmodified gauge theory, such as the confinement and a nontrivial structure of true and false vacuum states [4] . Moreover, in the absence of an order parameter for breaking/restoration of the center symmetry the theory can be smoothly interpolated between small and large L thus linking the deformed model to the unmodified one. Given this relation between the general gauge dynamics and the deformed 'toy model ' it is interesting to analyze the nonperturbative properties of the model in some detail. The rate of decay of a metastable vacuum in the deformed model is one such property that has been discussed most recently [4] using a numerical calculation of the exponential factor in the rate. In the present paper we derive an analytical expression for this exponential factor, including the dependence on the parameter θ. Namely we find that at large N the decay rate of the lowest-energy false vacuum state to the true vacuum is given by
where N is the 'semiclassicality' parameter related to the infrared scale Λ of the YangMills theory and the compactification scale L. At a small size L, such that NΛL ≪ 1, the parameter N is large [3, 4] and a semiclassical treatment in the deformed model is justified.
The formula in Eq. (1) is applicable at positive θ, 0 ≤ θ ≤ 2π, and, as required on general grounds [1, 2] , is periodic in θ with the period 2π due to interchange of the branches for the vacuum energy dependence on θ. We demonstrate explicitly that the semiclassical trajectory for tunneling between the false and true vacuum, resulting in the formula (1), gives a lower barrier factor than the numerical results of Ref. [4] at N > 20, and we argue that this trajectory in fact produces the exact leading power behavior of the barrier factor at large N. Proceeding to derivation of Eq.(1) we start with briefly recapitulating the deformation of the SU(N) gauge theory suggested in Ref. [3] . The theory is formulated on the Euclidean space R 3 × S 1 , and the original Yang-Mills action with the θ term
is modified by adding a polynomial in the trace of the operator for Polyakov loop wrapping
where P is a polynomial:
with [N/2] standing for the integer part of N/2 and the positive coefficients a k can be chosen [3] in such a way that the theory with the deformed action S Y M + ∆S preserves the center symmetry Z N .
The compactification results in the off-diagonal SU(N) gauge fields (the 'W bosons') developing a Kaluza-Klein mass spectrum with the lowest mass m W = 2π/NL, and below this mass scale the dynamics is effectively Abelian, corresponding to the gauge group U(1)
N . The corresponding 'photons' however do not stay massless, but rather acquire masses nonperturbatively due to monopoles and antimonolpoles in each of the U(1) sectors. The dynamics at the momentum scale below m W can thus be described by a dual theory in R 3 of N scalar phase fields σ n (n = 1, . . . , N) [3] :
where in the latter sum σ N +1 is identified with σ 1 , and the mass parameter m γ is small compared to m W , provided that NΛL ≪ 1. The spectrum of the actual masses of 'photons' is found by the diagonalization of the quadratic part of the dual action (5) and reads as
It can be also noted that each of phases σ n is defined modulo 2π and that only the differences of the phases are dynamical, while an overall shift by a common phase φ, σ n → σ n + φ, is not [corresponding to p = 0 in Eq. (6)].
Upon rescaling the coordinates x by the parameter m γ and adding an overall constant the action (5) takes the form S = N s with N = (g/2π)
2 /m γ L being a large 'semiclassicality parameter' and s standing for the 'reduced' action
In what follows we work with this reduced action, so that the relevant quantities, e.g. the energy and the barrier factor, are calculated 'in units of N '.
The potential in Eq. (7) develops local minima. The two lowest of these at 0 ≤ θ ≤ 2π are 1 |vac1 : σ n = 0 and |vac2 : σ n = 2 π n N .
and the corresponding values of the energy are given by
where the limiting expressions are written for large N. Clearly, these two states become degenerate and intersect at θ = π where the difference between their energy changes sign:
Depending on the value of θ = π, the lower of the vacuum states is stable while the other one is metastable and decays to the lower one by tunneling, as discussed in the context of this model in Ref. [4] . In what follows we calculate the exponential factor in the tunneling rate for this process. We start with discussing the case where θ = 0 (so that E 2 > E 1 ) and then generalize the result to nonzero values of θ. The tunneling in the three dimensional model is described [5, 6] by a nontrivial O(3) symmetric solution to the classical equations of motion approaching |vac2 at infinity (and approaching vicinity of |vac1 at the center), which solution is called 'bounce'. The tunneling rate Γ per three dimensional volume V is then given by Γ/V ∼ exp(−S B ), where S B is the action for the bounce. At small energy difference ǫ the bounce can be considered and its action calculated in the so-called 'thin wall approximation' [7, 5] . Namely, in the limit ǫ → 0, the two vacua are degenerate and there is a one dimensional classical configuration interpolating between |vac2 at x → −∞ and |vac1 at x → +∞ with a one-dimensional action S 1 (the surface tension of the wall).
In three dimensions, when the wall is wrapped into a sphere of the radius R the action associated with the surface of the sphere can be taken as 4π R 2 S 1 , provided that the radius is much larger than any scale for the thickness of the transition region in the one dimensional solution. Restoring a nonzero energy difference ǫ between the exterior and the interior of the sphere one can write the action for the configuration with a spherical wall as
where the last term describes the contribution to the action of the energy difference in the interior volume of the sphere. The extremum of the action S(R) defines the bounce radius R B = 2 S 1 /ǫ and the bounce action
One can notice, in particular, that the thin wall approximation is always justified at small ǫ.
In the problem at hand the energy difference ǫ is given by Eq.(10) so that it remains to calculate the surface tension, i.e. the action for a one dimensional configuration interpolating between the two vacua in the limit where they are degenerate in energy. Unlike a calculation for a true multidimensional bounce, which does not correspond to a minimum of the action [as can be seen e.g. from Eq.(12)], the wall interpolating between two degenerate vacua does correspond to the minimum of the one dimensional action for the given boundary conditions at x → ±∞. For this reason in the calculation of S 1 we start with a trial configuration and then argue that it provides the leading in N behavior of S 1 . In order to describe this trial configuration we introduce 'the center of gravity' Σ for the phases σ n and the 'distance' σ between the last and the first phases:
In the interpolating configuration that we consider the phases σ n are equally spaced in n between σ 1 and σ N :
where in the last transition we have set the limit of large N and also set the overall phase Σ to zero, since this common shift, as previously mentioned, is not dynamical.
One readily finds that the reduced action from Eq.(11) in this configuration depends only on the variable σ, whose dependence on σ(x), and this dependence at large N (and θ = 0) is given by
The last term in the integrand corresponds to the energy difference between the local minimum at σ = 2π and the global at σ = 0 and, according to the previous discussion describes the parameter ǫ, while the rest of the action is that of the Sine-Gordon model, so that the interpolating trajectory for σ(x) between the two minima is the well known kink profile:
whose action is given by
One can notice that an introduction of a nonzero value of θ with the described trial con- . This conclusion about applicability of the thin wall approximation is qualitatively similar to the one derived in Ref. [4] . We show in Fig. 1 the comparison of the exponential factor (at θ = 0) described by Eq.(1) with the interpolation given in Ref. [4] for their numerical results. It is quite clear from this comparison that our trial trajectory gives a better approximation starting from N ≈ 20. We believe that one possible reason for the deviation in the numerical calculation of Ref. [4] is the adopted there choice of the size of the 'box' in x. The criterion for sufficiently 'infinite' cutoff in x used there was based on the value of the exponential factor exp(−x), and the interval |x| ≤ 16 apparently was used. In our trial trajectory the solution (16) for the Sine-Gordon problem involves a distance scale of order √ N rather than of order one, so that evaluating the effect of the boundary conditions at finite x from the exp(−x) may not be quite correct at large N. Furthermore, if the lowest 'photon' modes, corresponding to σ n (x) = f (n, σ). At large N the difference between successive variables σ n − σ n+1 is small, and one can replace the discrete summation by integration over n, thus rewriting the one dimensional (in x) action with degenerate vacua in the form
with the boundary conditions f (N, x) = −f (0, x) = σ(x)/2, and σ(x) yet to be determined from minimization of the action. (We also have extended, for simplicity of notation, the counting of n from 1 ≤ n ≤ N to 0 ≤ n ≤ N which does not affect the leading N behavior.)
A general configuration can be written in a form of a perturbation over the trial trajectory:
with zero boundary conditions, h(0, x) = h(N, x) = 0 and h → 0 at x → ±∞, and the action takes the form
where
One can notice that the term σ 2 /2N in the last integrand in Eq. (18) is canceled at x → ±∞ by the contribution of the linear in n term from Eq.(19) to the first integral, so that the vacua corresponding to the action (20) are degenerate.
The discussed above trial configuration corresponds to identically vanishing h. Clearly, the Eq.(20) contains a source of h proportional to σ ′′ (x) so that in the exact solution h(n, x) is not vanishing and the action receives an extra negative contribution. One can however notice that the distance scale in σ ′′ (x) found on the trial trajectory is of order N 1/2 , so that it is at such distances both in x and n from the transition region at (n, x) = (0, 0) and (n, x) = (N, 0) that a nonzero h is generated. Therefore, given that in the transition region σ ′′ ∼ O(N −1 ) and the 'area' of the region is ∆x ∆n ∼ O(N) it can be concluded that the contribution of the second integral term in Eq.(20) can be estimated as being of order one, while the first integral term is of order N 1/2 , as described by Eq.(17). Thus the deviation of the result in the latter equation from the exact expression is sub leading at large N.
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In conclusion. Among the theoretically tractable interesting nonperturbative features of a center-stabilized deformed SU(N) gauge theory on the R 3 × S 1 space at a small compactification length [3] is the problem of tunneling between its metastable and stable vacuum states [4] that can be analyzed in terms of the dual formulation with the action in Eq.(5).
We have considered a trial configuration describing such tunneling and resulting in the analytical expression in Eq.(1) for the exponential factor in the false vacuum decay rate. We have also argued that this expression in fact gives the leading behavior at large N.
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